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Convective heatingAbstract This paper is concerned with the entropy generation in a magnetohydrodynamic (MHD)
pseudo-plastic nanoﬂuid ﬂow through a porous channel with convective heating. Three different
types of nanoparticles, namely copper, aluminum oxide and titanium dioxide are considered with
pseudo-plastic carboxymethyl cellulose (CMC)–water used as base ﬂuids. The governing equations
are solved numerically by shooting technique coupled with Runge–Kutta scheme. The effects of the
pertinent parameters on the ﬂuid velocity, temperature, entropy generation, Bejan number as well
as the shear stresses at the channel walls are presented graphically and analyzed in detail. It is pos-
sible to determine optimum values of magnetic parameter, power-law index, Eckert number and
Boit number which lead to a minimum entropy generation rate.
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Ultra high-performance cooling is one of the most vital needs
of many industrial technologies. However, low thermal con-
ductivity is a limitation in developing energy-efﬁcient heat
transfer ﬂuids that is required for ultra high-performance cool-
ing. The cooling applications of nanoﬂuids include silicon mir-
ror cooling, electronics cooling, vehicle cooling, transformercooling and so on. Nanoﬂuid technology can help to develop
better oils and lubricants. Nanoﬂuids are now being developed
for medical applications, including cancer therapy and safe sur-
gery, by cooling. To all the numerous applications must be
added that, nanoﬂuids can be used in major process industries,
including materials and chemicals, food and drink, oil and gas,
paper and printing etc. The enhancement of thermal conductiv-
ity of conventional ﬂuids via suspensions of solid particles is a
modern development in engineering technology aimed for
increasing the heat transfer coefﬁcient. The thermal conductiv-
ity of solid metal is higher than the base ﬂuid, so the suspended
particles are able to increase the thermal conductivity and heat
transfer performance. Choi and Eastman [1] were probably the
ﬁrst to employ a mixture of nanoparticles and base ﬂuid that
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who experimentally veriﬁed that the addition of nanoparticles
in conventional base ﬂuids appreciably enhanced the thermal
conductivity. Experimental results [3,4] have illustrated that
the thermal conductivity of the nanoﬂuid can be increased con-
siderably via the introduction of a small volume fraction of
nanoparticles. Because of its fundamental importance in engi-
neering systems, entropy generation encountered in ﬂows inside
a channel has been studied by many researchers [5–11].
Natural convection inside channels has been a subject of
extended research during the last decades due to its applications
in engineering such as electronic cooling systems, nuclear reac-
tors and heat exchangers. Non-Newtonian ﬂuids in these buoy-
ancy driven systems have received considerable attention
because of their applications in many industries including oil-
drilling, pulp paper, food processing and polymer engineering.
In the food, polymer, petrochemical, rubber, molten plastic,
paint and biological industries, ﬂuids with non-Newtonian
behaviors are encountered (Chen [12]). Many materials in real
ﬁeld such as melts, printing ink, slurries and food stuff show
properties which differ from those of Newtonian ﬂuids. The
governing equations of non-Newtonian ﬂuids are highly non-
linear and much more complicated than those of Newtonian
ﬂuids. Pseudo-plastic non-Newtonian ﬂuids are important
due to its many industrial applications. Recently, considerable
attention has been devoted to the problem of predicting the
behavior of non-Newtonian ﬂuids. The power-law model is
widely used to study the pseudo-plastic and dilatant nature of
non- Newtonian ﬂuids. Several attempts have been made to
explain the characteristic feature of non-Newtonian power
law nanoﬂuids [13–22]. Lin et al. [23] have studied an unsteady
ﬂow and heat transfer of pseudo-plastic nanoﬂuid in a ﬁnite
thin ﬁlm on a stretching surface with variable thermal conduc-
tivity and viscous dissipation. MHD pseudo-plastic nanoﬂuid
unsteady ﬂow and heat transfer in a ﬁnite thin ﬁlm over stretch-
ing surface with internal heat generation have been investigated
by Lin et al. [24]. Hayat et al. [25] have presented an MHD
axisymmetric ﬂow of third grade ﬂuid by a stretching cylinder.
Efﬁcient utilization of energy is the main objective in the
design of thermal devices. This can be achieved by minimizing
entropy generation in processes. Therefore, in energy opti-
mization problems and design of many heat removal engineer-
ing devices, it is necessary to minimize the entropy generation
or destruction of available work due to heat transfer, viscous
friction and electric conduction as a function of the design
variables selected for the optimization analysis. The search
for conditions that lead to minimization of entropy generation
in a given process or device under various ﬂow conﬁgurations
has been the task of several investigations reported in the liter-
ature. In these works, the results showed that the geometrical
and physical parameters of the system might be chosen in
order to minimize entropy generation in the system. The eval-
uation of the entropy generation is carried out to improve sys-
tem performance. Heat and mass transfer, viscous dissipation,
etc. can be used as sources of entropy generation. Entropy gen-
eration can be used as a quantitative measure of irreversibili-
ties that is associated with a process, because of this fact that
the greater the entropy generation indicates the greater extent
of irreversibilities. In many engineering and industrial pro-
cesses, the entropy production destroys the available energy
in the system. It is therefore imperative to determine the rate
of entropy generation in a system, in order to optimize energyin the system for efﬁcient operation in the system. According
to the second law of thermodynamics, all the ﬂow and heat
transfer processes undergo changes that are irreversible.
These irreversible changes are mostly caused by the energy
losses during the processes. Although measures can be taken
to reduce these irreversible effects, it is impossible to recover
all of the lost energy. This process causes the entropy of the
system to increase. Due to this, the entropy generation rate
is used as a standard metric to study the irreversibility effects.
This method was proposed by Bejan [26,27]. In recent years,
many papers have been published on the entropy generation
in thermal system [28–35]. Makinde and Eegunjobi [36] have
made an analysis of inherent irreversibility in a variable viscos-
ity MHD generalized Couette ﬂow with permeable walls.
Entropy generation in an MHD porous channel ﬂow of vari-
able viscosity and convective heating has been described by
Eegunjobi and Makinde [37]. Makinde and Chinyoka [38]
have investigated the buoyancy effects on hydromagnetic
unsteady ﬂow through a porous channel with suction/ injec-
tion. Das and Jana [39] have studied the entropy generation
in MHD porous channel ﬂow under constant pressure gradi-
ent. Iba´n˜ez et al. [40] have resented an optimum slip ﬂow based
on the minimization of entropy generation in parallel plate
microchannels. An analytical study on entropy generation of
nanoﬂuids over a ﬂat plate has been carried out by Malvandi
et al.[41]. El-Maghlany et al.[42] have examined the effect of
an isotropic heat ﬁeld on the entropy generation due to natural
convection in a square cavity. Dalir [43] have made an analysis
on entropy generation for forced convection ﬂow and heat
transfer of a Jeffrey ﬂuid over a stretching sheet. Das and
Jana [44] have measured the entropy generation in an MHD
channel slip ﬂow. The convective heat transfer and entropy
generation analysis on Newtonian and non-Newtonian ﬂuid
ﬂows between parallel-plates under slip boundary conditions
have been presented by Shojaeian and Kossar [45]. Iba´n˜ez
et al. [46] have examined the combined effects of uniform heat
ﬂux boundary conditions and hydrodynamic slip on entropy
generation in a microchannel. The heat transfer and entropy
generation in the parallel plate ﬂow of a power-law ﬂuid with
asymmetric convective cooling have been investigated by
Lo´pez et al. [47]. Iba´n˜ez [48] have studied the entropy genera-
tion in an MHD porous channel with hydrodynamic slip and
convective boundary conditions.
The aim of the present paper was to explore the entropy
generation in an MHD pseudo-plastic nanoﬂuid ﬂow through
a vertical channel in the presence of a transverse magnetic ﬁeld
by taking the viscous dissipation and Joule heating into
account. The CMC water (Carboxyl Methyl Cellulose) is used
as the base ﬂuid and three types of nanoparticles are consid-
ered. The nanoparticles considered are copper (Cu), aluminum
oxide (Al2O3) and titanium dioxide (TiO2) with the base ﬂuid.
The governing coupled nonlinear ODEs are solved numerically
by shooting technique coupled with Runge–Kutta scheme. The
effects of magnetic parameter, Grashof number, suction
parameter, Eckert number and Biot numbers on the velocity
and temperature ﬁelds are presented graphically and discussed.2. Mathematical formulation
Consider a steady ﬂow of a viscous incompressible electrically
conducting pseudo-plastic nanoﬂuid between two inﬁnite
Entropy analysis on MHD pseudo-plastic nanoﬂuid ﬂow 327vertical parallel plates. The left wall moves with a velocity U0
in its own plane in the x-direction, where the x-axis is taken
along the left wall in the direction of the ﬂow. The y-axis is
taken normal to the x-axis (see Fig. 1) and it is also assumed
that the ﬂow is fully developed. Let a be the distance between
the two plates, where a is small in comparison with the charac-
teristic length of the channel walls. A uniform transverse mag-
netic ﬁeld of strength B0 and a uniform suction/ injection are
applied perpendicular to the plates. The channel walls are
heated by convection from a hot ﬂuid at temperature Tf which
provides a heat transfer coefﬁcients h0 and h1 while the temper-
ature of the ambient ﬂuid is T0, where Tf > T0 (heated sur-
face). The cold ﬂuid in the channel is assumed to be an
electrically conducting pseudo-plastic nanoﬂuid with constant
ﬂuid property. The ﬂuid is the CMC–water-based with concen-
tration (0.1–0.4%) containing three types of nanoparticles Cu,
Al2O3 and TiO2. We assume that the nanoﬂuid ﬂow is laminar,
the base ﬂuid and the nanoparticles are in thermal equilibrium
and that no slippage occurs between them. The thermophysical
properties of the nanoﬂuid are given in Table 1.
The power-law model for the shear stress can be written as
sxy ¼ m @u
@y


n1
@u
@y
; ð1Þ
where sxy is shear stress, @u@y is the shear rate, n is the power law
exponent and m is the consistency coefﬁcient. When n ¼ 1, Eq.
(1) represents a Newtonian ﬂuid with a dynamic coefﬁcient of
viscosity m. Therefore, deviation of n from a unity indicates
the degree of deviation from Newtonian behavior. When
n – 1, the constitutive Eq. (1) represents a pseudo-plastic ﬂuid
ðn < 1Þ or a dilatant ﬂuid ðn > 1Þ. Pseudo-plastic ﬂuids arey
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x
o
fT
0U
fT
0B
g
Figure 1 Geometry of the problem.
Table 1 Thermo physical properties of water and nanoparticles (O
Physical properties CMC–water (0.0–0.4%) Cu (Copper)
qðkg=m3Þ 997.1 8933
cpðJ=kgKÞ 4179 385
jðW=mKÞ 0.613 401
b 105ðK1Þ 21 1.67
/ 0.0 0.05
rðS=mÞ 5:5 106 59:6 106characterized by an apparent viscosity which decreases with
increasing shear rate, however in dilatant ﬂuids the apparent
viscosity increases with increasing shear rate. This power-law
model has been attracting the interest of researchers and scien-
tist in the recent time due to its applications in food, polymer,
petrol-chemical, geothermal, rubber, paint and biological
industries. Studies on non-Newtonian power-law ﬂuids
revealed that the shear-thinning ﬂuids with index n ¼ 0:4 can
enhance the rate of heat transfer by up to three times whereas
shear-thickening ﬂuids with index n ¼ 1:8 can reduce it up to
30–40% compared to Newtonian ﬂuids.
It is assumed that induced magnetic ﬁeld produced by the
ﬂuid motion is negligible in comparison with the applied one
so that we consider magnetic ﬁeld ~B  ð0; 0;B0Þ. This assump-
tion is justiﬁed, since the magnetic Reynolds number is very
small for metallic liquids and partially ionized ﬂuids (Cramer
and Pai [54]). Also no external electric ﬁeld is applied so the
effect of polarization of ﬂuid is negligible (Cramer and Pai
[54]). Under the above assumptions, the governing equations
of the momentum and energy in the presence of magnetic ﬁeld
can be written (Iba´n˜ez [48]), respectively, as
v0
du
dy
¼ 1
qnf
lnf
d
dy
 du

dy
 n
þ gðqbÞnfðT T0Þ  rnf B20 u
 
;
ð2Þ
v0 ðqcpÞnf
dT
dy
¼ knf d
2T
dy2
þ lnf
du
dy
 nþ1
þ rnf B20 u2; ð3Þ
where u is the ﬂuid velocity along the x-direction, T the tem-
perature of the nanoﬂuid, lnf the dynamic viscosity of the
nanoﬂuid, qnf the density of the nanoﬂuid, rnf the electrical
conductivity of the nanoﬂuid, knf the thermal conductivity of
the nanoﬂuid and ðqcpÞnf the heat capacitance of the nanoﬂuid
which are given by
lnf ¼
lf
ð1 /Þ2:5 ; qnf ¼ ð1 /Þqf þ /qs;
ðqcpÞnf ¼ ð1 /ÞðqcpÞf þ /ðqcpÞs; ðqbÞnf
¼ ð1 /ÞðqbÞf þ /ðqbÞs; ð4Þ
rnf ¼ rf 1þ 3ðr 1Þ/ðrþ 2Þ  ðr 1Þ/
 
; r ¼ rs
rf
;
where / is the solid volume fraction of nanoparticle, qf the
density of the base ﬂuid, qs the density of the nanoparticle,
rf the electrical conductivity of the base ﬂuid, rs the electrical
conductivity of the nanoparticle, lf the viscosity of the baseztop and Abu-Nada [53]).
Ag (Silver) Al2O3 (Alumina) TiO2 (Titanium Oxide)
10,500 3970 4250
235 765 686.2
429 40 8.9538
1.89 0.85 0.90
0.1 0.15 0.2
– 35 106 2:6 106
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Figure 3 Velocity proﬁles for different M2 when Gr ¼ 5 and
S ¼ 1.
328 S. Das et al.ﬂuid, ðqcpÞf the heat capacitance of the base ﬂuid and ðqcpÞs the
heat capacitance of the nanoparticle.
It is noted that the expressions (4) are restricted to spherical
nanoparticles. The effective thermal conductivity of the nano-
ﬂuid followed by Kakac and Pramuanjaroenkij [52], and
Oztop and Abu-Nada [53] is given by
knf ¼ kf ks þ 2kf  2/ðkf  ksÞ
ks þ 2kf þ /ðkf  ksÞ
 
; ð5Þ
where kf is the thermal conductivity of the base ﬂuid and ks the
thermal conductivity of the nanoparticle. In Eqs. (2)–(5), the
subscripts nf; f and s denote the thermophysical properties of
the nanoﬂuid, base ﬂuid and nano-solid particles, respectively.
The appropriate boundary conditions are
u ¼ U0; knf dT
dy
 
¼ h0ðTf  TÞ at y ¼ 0;
u ¼ 0; knf dT
dy
 
¼ h1ðT T0Þ at y ¼ a; ð6Þ
where U0 is the reference velocity, h0 and h2 are the convective
heat transfer coefﬁcients for the channel plates respectively.
Introducing non-dimensional variables
g ¼ y
a
; u ¼ au

mf
; h ¼ T T0
Tf  T0 ; ð7Þ
Eqs. (2) and (3) become
S/1
du
dg
¼ 1ð1 /Þ2:5 
du
dg
 n
þ Gr/2 hM2/3u; ð8Þ
SPr/4
dh
dg
¼ knf
kf
d2h
dg2
þ 1ð1 /Þ2:5
du
dg
 nþ1
þM2/3u2
" #
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Figure 2 Velocities proﬁles different nanoﬂuids when M2 ¼ 2,
S ¼ 1 and Gr ¼ 5.where
/1 ¼ 1 /ð Þ þ /
qs
qf
  
; /2 ¼ 1 /þ /ðqbÞs=ðqbÞf
h i/3 ¼ 1/þ/ðqcpÞs=ðqcpÞf
h i
; /4 ¼ 1þ
3ðr 1Þ/
ðrþ 2Þ  ðr 1Þ/
 
ð10Þ
and M2 ¼ rf B20a2nqfmnf is the magnetic parameter, Gr ¼
gðqbÞfa2nþ1
qfm
nþ1
f
the
modiﬁed Grashof number that approximates the ratio of the
buoyancy force to the viscous force acting on a ﬂuid,0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 4 Velocity proﬁles for different Gr when M2 ¼ 2 and
S ¼ 1.
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qf cpm
n
f
kfa2n2
the modiﬁed
Prandtl number which measures the ratio of momentum diffu-
sivity to the thermal diffusivity and Ec ¼ m
2
f
a2ðTfT0Þ the Eckert
number. The Eckert number is used in high altitude rocket
aero-thermodynamics. In the case of low speed incompressible
ﬂows, it signiﬁes the difference between the total mechanical
power input and the smaller amount of total power input
which produces thermodynamically reversible effects, that is,
elevations in kinetic and potential energy. This difference con-
stitutes the energy dissipated as thermal energy by viscous
effects, that is, work done by the viscous ﬂuid in overcoming
internal friction, hence the term viscous heating. Note that0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 6 Temperature proﬁles for different M2 when Gr ¼ 5,
Ec ¼ 0:1, Bi0 ¼ 0:1, Bi1 ¼ 0:1 and S ¼ 1.Ec > 0 stands for a cooling plate, that is, loss of heat from
the plate to the ﬂuid; Ec < 0 means a heated plate, that is, heat
is received by the plate from the ﬂuid.
The corresponding boundary conditions are
u ¼ k; knf
kf
dh
dg
¼ Bi0 ðh 1Þ at g ¼ 0;
u ¼ 0; knf
kf
dh
dg
¼ Bi1 h at g ¼ 1; ð11Þ
where Bi0 ¼ ah0kf , Bi1 ¼
ah1
kf
the Biot numbers (or surface convec-
tion parameters). When Bi0;Bi1 !1, the convective bound-
ary condition reduces to a uniform surface temperature
boundary condition. Further, Bi0 ¼ Bi1 ¼ 0 corresponds to
the case of insulated plates. When Bi0 ¼ Bi1, the channel is
cooled symmetrically and the heat dissipations from the left
and the right plates are equal.
3. Numerical method for solution
Numerical solutions to the governing Eqs. (8) and (9) with the
boundary conditions (11) form a boundary value problem
(BVP) and are solved using a shooting method, by converting
them into an initial value problem (IVP). This method is very
well described in many papers. Eqs. (8) and (9) and the bound-
ary conditions (11) are reduced to a set of ﬁrst order differen-
tial equations by setting new variables p ¼ du
dg ; q ¼ dhdg as follows
du
dg
¼p;
dp
dg
¼ 1
n
ð1 /Þ2:5ðpÞ1nðS/1 p Gr/2hþM2/3 uÞ;
dh
dg
¼q;
dq
dg
¼ kf
knf
SPr/4 q PrEc
1
ð1 /Þ2:5 p
nþ1 þM2/3 u2
( )" #
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Figure 7 Temperature proﬁles for different Gr when M2 ¼ 2,
Ec ¼ 0:1, Bi0 ¼ 0:1, Bi1 ¼ 0:1 and S ¼ 1.
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330 S. Das et al.with the boundary conditions
uð0Þ ¼ k; pð0Þ ¼ d; hð0Þ ¼ e; knf
kf
qð0Þ
¼ Bi0 ðe 1Þ; ð13Þ
where d and e are determined such that uð1Þ ¼ 0 and
knf
kf
qð1Þ ¼ Bi1 hð1Þ. Apply the Runge–Kutta-Fehlberg method
in Matlab software. The accuracy of the assumed missing ini-
tial condition is checked by comparing the calculated value of
the dependent variable at the terminal point with its given
value there. The step size 0.01 is used to obtain the numerical0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 9 Temperature proﬁles for different S when M2 ¼ 2,
Gr ¼ 5, Bi0 ¼ 0:1, Bi1 ¼ 0:1 and Ec ¼ 0:1.solution with seven-decimal place accuracy as the criterion of
convergence. The method is adequately explained in the litera-
ture and it has second-order convergence, unconditionally
stable. It gives accurate result for boundary layer equations.
In the present study, a uniform grid is used which is concen-
trated toward the wall. In the absence of buoyancy force, the
present problem reduces to the problem considered by
Iba´n˜ez [48] neglecting slip condition. In order to verify the
accuracy of the present results, we have compared the results
for the velocity proﬁles with those reported by Iba´n˜ez [48].
These comparisons show excellent agreement (Figs. 3 and 5).
4. Results and discussion
In order to have a physical insight of the problem, we have dis-
cussed the effects of different values of magnetic parameter
M2, Grashof number Gr, suction parameter S, Eckert number
Ec, and Biot numbers Bi0 and Bi1 on the ﬂuid velocity and
temperature. The problem is studied for power law exponent
between 0 and 1. The value of the Prandtl number for the base
ﬂuid is kept as Pr ¼ 6:2 (at the room temperature) and the
effect of solid volume fraction is investigated in the range of
0 6 / 6 0:2 with k ¼ 1. The case M2 ¼ 0 corresponds to the
absence of magnetic ﬁeld and / ¼ 0 for regular ﬂuid. Ec ¼ 0
presents no Joule and viscous heating. The default values of
the other parameters are mentioned in the description of the
respective ﬁgures.
4.1. Effects of parameters on velocity proﬁles
Fig. 2 shows the variations of the ﬂuid velocity for the three
types of water-based nanoﬂuids Cu–water, Al2O3–water and
TiO2–water. It is seen that the ﬂuid velocity uðgÞ is almost
the same for Al2O3–water and TiO2–water nanoﬂuids. Fig. 3
reveals that the ﬂuid velocity uðgÞ decelerates as magnetic
parameter M2 enlarges for both cases of Newtonian nanoﬂuid0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.65
0.7
0.75
0.8
0.85
0.9
0.95
1
η
θ
(η
)
Cu− water
Bi
0
 = 0.1, 0.2, 0.5, 1
Pseudo−plastic nanofluid (n = 0.81)
Newtonian nanofluid (n = 1)
Figure 10 Temperature proﬁles for different Bi0 when M
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Gr ¼ 5, Ec ¼ 0:1, Bi1 ¼ 0:1 and S ¼ 1.
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Entropy analysis on MHD pseudo-plastic nanoﬂuid ﬂow 331(n ¼ 1) and pseudo-plastic nanoﬂuid (n ¼ 0:81). A drag-like
Lorentz force is generated by the application of the transverse
magnetic ﬁeld on the electrically conducting ﬂuid.
This force has the tendency to retard the ﬂuid velocity. This
is of great beneﬁt in magnetic materials processing operations,
utilizing static transverse uniform magnetic ﬁeld, since it
allows a strong regulation of the ﬂow ﬁeld. The use of mag-
netic particles in the treatment of cancer is less paying atten-
tion on the delivery of drugs and more on their use as a new
therapeutic conception in which tumor cells are spoiled by
applying local heat through an external magnetic ﬁeld. It is
seen from Figs. 4 and 5 that the ﬂuid velocity uðgÞ decreases
for increasing values of either Grashof number Gr or suction0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 12 Temperature proﬁles for different n when M2 ¼ 2,
Gr ¼ 5, Ec ¼ 0:1, Bi0 ¼ 0:1, Bi1 ¼ 0:1 and S ¼ 1.parameter S for both cases of Newtonian nanoﬂuid (n ¼ 1)
and pseudo-plastic nanoﬂuid (n ¼ 0:81). From Figs. 4 and 5,
it is noted that the ﬂuid velocity for Newtonian nanoﬂuid is
always greater than the velocity of pseudo-plastic nanoﬂuid.
Because, the pseudo-plastic nanoﬂuid is more viscous than
by Newtonian nanoﬂuid.
4.2. Effects of parameters on temperature proﬁles
Fig. 6 shows that the ﬂuid temperature hðgÞ rises as themagnetic
ﬁeld becomes stronger since extra work is executed by the ﬂuid
in overcoming the drag- force for both cases of Newtonian
nanoﬂuid (n ¼ 1) and pseudo-plastic nanoﬂuid (n ¼ 0:81).
This accompanying work is then dissipated as thermal energy
which acts to heat the ﬂuid elevates temperature. Therefore
while the transverse magnetic ﬁeld serves to decelerate the ﬂuid
ﬂow i.e. achieve ﬂow regulation, the counter-productive effect
of heating the ﬂuid is also caused and this requires smart use
of magnetic ﬁelds so that desired material characteristics are
achieved and excessive temperatures not generated.
Fig. 7 shows that the ﬂuid temperature hðgÞ increases for
increasing values of Grashof number Gr for both cases of
Newtonian nanoﬂuid (n ¼ 1) and pseudo-plastic nanoﬂuid
(n ¼ 0:81). It is seen from Fig. 8 that the ﬂuid temperature
hðgÞ increases for increasing values of Eckert number Ec for
both cases of Newtonian nanoﬂuid (n ¼ 1) and pseudo-
plastic nanoﬂuid (n ¼ 0:81). The Eckert number is the ratio
of the kinetic energy of the ﬂow to the boundary layer enthalpy
differences. It represents the conversion of the kinetic energy
into internal energy by work done against the viscous ﬂuid
stresses. The positive Eckert number means cooling of the
channel walls, i.e loss of heat from the channel walls to the
ﬂuid. Hence, greater viscous dissipative heat causes a rise in
the ﬂuid temperature. Furthermore, it can be observed that
the thermal boundary layer thickness becomes thicker for
increased Eckert number. Fig. 9 shows that the ﬂuid tempera-
ture hðgÞ increases for increasing values of suction parameter S0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 13 Temperature proﬁles different nanoﬂuids when
M2 ¼ 2, Gr ¼ 5, Ec ¼ 0:1, Bi0 ¼ 0:1, Bi1 ¼ 0:1 and S ¼ 1.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
2
4
6
8
10
12
14
η
N
S
M
2
 = 1, 1.5, 2, 3
Newtonian nanofluid (n = 1)
Cu− water
Pseudo−plastic nanofluid (n = 0.81)
Figure 14 NS for different M
2 when Gr ¼ 5, S ¼ 1, Ec ¼ 0:1,
Bi0 ¼ 0:1, Bi1 ¼ 0:1 and BrX1 ¼ 1.
332 S. Das et al.for both cases of Newtonian nanoﬂuid (n ¼ 1) and pseudo-
plastic nanoﬂuid (n ¼ 0:81). Figs. 10 and 11 demonstrate the
effects of Biot numbers Bi0 and Bi1 on ﬂuid temperature. It
is seen that the ﬂuid temperature increases with an increase
in Biot number Bi0 and it decreases with an increase in Biot
number Bi1 for both cases of Newtonian nanoﬂuid (n ¼ 1)
and pseudo-plastic nanoﬂuid (n ¼ 0:81). Biot number is the
ratio of the hot ﬂuid side convection resistance to the cold ﬂuid
side convection resistance on a surface. For ﬁxed cold ﬂuid
properties, Biot numbers are directly proportional to the heat
transfer coefﬁcients associated with the hot ﬂuid.
The thermal resistance on the hot ﬂuid side is inversely pro-
portional to the heat transfer coefﬁcients. Thus, as Biot0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 15 NS for different Gr when M
2 ¼ 2, S ¼ 1, Ec ¼ 0:1,
Bi0 ¼ 0:1, Bi1 ¼ 0:1 and BrX1 ¼ 1.numbers increase, the hot ﬂuid side convection resistance
decreases and consequently, the surface temperature increases.
Fig. 12 shows that the ﬂuid temperature hðgÞ increases for
increasing values of n for both cases of regular ﬂuid(/ ¼ 0)
and nanoﬂuid (/ ¼ 0:1). Further, the ﬂuid temperature is more
for Newtonian nanoﬂuid (n ¼ 1) compared to pseudo-plastic
nanoﬂuid (n ¼ 0:81) as shown in Figs. 6–12. Fig. 13 presents
the ﬂuid temperature variations for the three types of water-
based nanoﬂuids Cu–water, Al2O3–water and TiO2–water. It
is noted that the temperature of Cu–water nanoﬂuid is high
as compared to Al2O3–water and TiO2–water nanoﬂuids,
because the copper Cu has high thermal conductivity.
5. Entropy generation
In the modern age, one of the major concerns of scientists and
engineers is to ﬁnd methods which could control the wastage
of useful energy; especially in thermodynamical systems,
energy losses can cause great disorder. This disorder in the sys-
tem is measured in terms of energy. According to Woods [49],
the local volumetric rate of entropy generation for a viscous
incompressible conducting ﬂuid in the presence of magnetic
ﬁeld is given by
EG ¼ knf
T20
dT
dy
 2
þ lnf
T0
du
dy
 nþ1
þ rnf B
2
0
T0
u2: ð14Þ
The ﬁrst term in Eq. (14) is the irreversibility due to the heat
transfer, the second term is entropy generation due to the vis-
cous dissipation and the third term is local entropy generation
due to the effect of magnetic ﬁeld (Joule heating or Ohmic
heating).
The non-dimensional entropy generation number may be
deﬁned by the following relationship:
NS ¼ T
2
0a
2EG
kfðTf  T0Þ2
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Figure 16 NS for different Bi0 when Gr ¼ 5, S ¼ 1, Ec ¼ 0:1,
M2 ¼ 2, Bi1 ¼ 0:1 and BrX1 ¼ 1.
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dimensional form is
NS ¼ knf
kf
dh
dg
 2
þ Br
X
1
ð1 /Þ2:5
du
dg
 nþ1
þM2/3u2
" #
; ð16Þ
where Br ¼ lf m
nþ1
f
kfðTfT0Þ the Brinkmann number which represents
the ratio of direct heat conduction from the plate surface to
the viscous heat generated by shear stress. Its positive and neg-
ative values refer to wall heating (ﬂuid is being heated) and
wall cooling (ﬂuid is being cooled), respectively. X ¼ TfT0
T0
is
the non-dimensional temperature difference.
The entropy generation number NS can be written as a
summation of the entropy generation due to heat transfer
denoted by N1 and the entropy generation due to ﬂuid friction
with magnetic ﬁeld denoted by N2 given as0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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N2 ¼ BrX
1
ð1 /Þ2:5
du
dg
 nþ1
þM2/3u2
" #
: ð17Þ
In order to obtain an idea of whether the entropy genera-
tion due to the heat transfer dominates over the entropy gen-
eration due to the ﬂuid friction and the magnetic ﬁeld or
vice versa, the Bejan number Be is deﬁned to be the ratio of
entropy generation due to the heat transfer to the entropy gen-
eration number [50].Be ¼ entropy generation due to heat transfer
entropy generation number
¼ N1
NS
¼ 1
1þ U ; ð18Þwhere U ¼ N2
N1
is the irreversibility ratio. The heat transfer dom-
inates for 0 6 U < 1 and ﬂuid friction with magnetic effects
dominates when U > 1. The contribution of both heat transfer
and ﬂuid friction to entropy generation is equal when U ¼ 1.
The Bejan number Be takes the values between 0 and 1 (see
Cimpean et al. [51]). The case of Be ¼ 1 is the limit at which
the heat transfer irreversibility dominates, Be ¼ 0 is the oppo-
site limit at which the irreversibility is dominated by the com-
bined effects of ﬂuid friction and magnetic ﬁeld and Be ¼ 0:5 is
the case in which the heat transfer and ﬂuid friction with mag-
netic ﬁeld entropy generation rates are equal. Further, the
behavior of the Bejan number Be is studied for the optimum
values of the parameters at which the entropy generation takes
its minimum. The inﬂuences of the governing parameters on
entropy generation and Bejan number are presented in
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334 S. Das et al.5.1. Effects of parameters on entropy generation rate
It is seen from Fig. 14 that the entropy generation number NS
increases near the moving wall of the channel and it decreases
near the right wall of the channel with an increase in magnetic
parameter M2 for both cases of Newtonian nanoﬂuid (n ¼ 1)
and pseudo-plastic nanoﬂuid (n ¼ 0:81). An increase in the
magnetic ﬁeld intensity causes an increase in the entropy gen-
eration. It reveals that the magnetic ﬁeld is a source of entropy
generation in addition to the ﬂuid friction and heat transfer.
Also, it is seen that the entropy generation effects are promi-
nent at the right wall of the channel and in the region close
to it. This implies that in order to control the entropy, the0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 21 Bejan number Be for different M2 when Gr ¼ 5,
S ¼ 1, Bi0 ¼ 0:1, Bi1 ¼ 0:1 and BrX1 ¼ 1.value of the magnetic parameter should be reduced, which is
an issue of interest in nuclear-MHD propulsion. Fig. 15 shows
that the entropy generation number NS increases near the
moving wall of the channel and it decreases near the right wall
of the channel with an increase in Grashof number Gr due to
higher heat transfer rates at the right wall of the channel. An
increase in Grashof number Gr, the entropy effects due to heat
transfer become prominent and ﬂuid friction and magnetic
ﬁeld are lessen near the wall of the channel.
Figs. 16 and 17 reveal that entropy generation enhances
when Biot number Bi0 increases and it reduces for increasing
values of Biot number Bi1 for both cases of Newtonian nano-
ﬂuid (n ¼ 1) and pseudo-plastic nanoﬂuid (n ¼ 0:81). It is seen
from Fig. 18 that the entropy generation number NS decreases
near the moving wall of the channel and it increases near the
right wall of the channel with an increase in suction parameter
S for both cases of Newtonian nanoﬂuid (n ¼ 1) and pseudo-
plastic nanoﬂuid (n ¼ 0:81). It is observed from Fig. 19 that
entropy generation number increases near the right wall of
the channel with an increase in the group parameter BrX1
due to the viscous heating effects for both cases of
Newtonian nanoﬂuid (n ¼ 1) and pseudo-plastic nanoﬂuid
(n ¼ 0:81). An increase in the values of the group parameter
BrX1 due to the combined effects of viscous heating and the
temperature difference yields a higher entropy generation
number. Fig. 19 shows that the entropy generation number
NS increases near the right wall of the channel with an increase
in suction parameter S for both cases of Newtonian nanoﬂuid
(n ¼ 1) and pseudo-plastic nanoﬂuid (n ¼ 0:81). Fig. 20 illus-
trates the effects of parameter n on the entropy generation.
Increasing n reduces the entropy generation for both cases of
Newtonian nanoﬂuid (n ¼ 1) and pseudo-plastic nanoﬂuid
(n ¼ 0:81). The closeness of the curves in Fig. 20 can be attrib-
uted that the entropy effects are negligible near the moving
plate. It is noted that the entropy generation is more for
pseudo-plastic nanoﬂuid compared to Newtonian nanoﬂuid
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Figure 22 Bejan number Be for different Gr when M2 ¼ 2,
S ¼ 1, Bi0 ¼ 0:1, Bi1 ¼ 0:1 and BrX1 ¼ 1.
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Figure 23 Bejan number Be for different Bi0 when Gr ¼ 5,
S ¼ 1, M2 ¼ 2, Bi1 ¼ 0:1 and BrX1 ¼ 1.
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Figure 25 Bejan number Be for different BrX1 ¼ 1 when
Gr ¼ 5, S ¼ 1, Bi0 ¼ 0:1, Bi1 ¼ 0:1 and M2 ¼ 2.
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Fig. 21 shows that the Bejan number Be decreases near the
moving wall of the channel and it increases in the vicinity of
the right wall of the channel for increasing values of magnetic
parameter M2 for both cases of Newtonian nanoﬂuid (n ¼ 1)
and pseudo-plastic nanoﬂuid (n ¼ 0:81). For large values of
M2, the entropy effects due to ﬂuid friction and magnetic ﬁeld
are fully dominated by heat transfer entropy effects near the
moving wall of the channel. Fig. 22 depicts the effects of
Grashof number Gr on the Bejan number Be for both cases
of Newtonian nanoﬂuid (n ¼ 1) and pseudo-plastic nanoﬂuid
(n ¼ 0:81). For increasing values of Gr, the entropy effects
due to heat transfer become strong and hence Bejan number0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
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Figure 24 Bejan number Be for different Bi1 when Gr ¼ 5,
S ¼ 1, Bi0 ¼ 0:1, M2 ¼ 2 and BrX1 ¼ 1.Be increases near the moving wall of the channel and it
decreases in the vicinity of the right wall of the channel. This
is due to the fact that the effect of Grashof number Gr is to
enhance the ﬂuid temperature signiﬁcantly in the ﬂow region.
Figs. 23 and 24 reveal that the Bejan number Be increases with
an increase in either Bi0 or Bi0 for both cases of Newtonian
nanoﬂuid (n ¼ 1) and pseudo-plastic nanoﬂuid (n ¼ 0:81).
Also, an increase in the values of the Biot number results in
an increase in the heat transfer irreversibility at the surface
of the plates. This means that the channel plates act as a strong
source of irreversibility. Fig. 25 reveals that the Bejan number
Be decreases with an increase in group parameter BrX1 for
both cases of Newtonian nanoﬂuid (n ¼ 1) and pseudo-
plastic nanoﬂuid (n ¼ 0:81).
This is quite true as higher values of BrX1, which increase
the magnitude of ﬂuid friction with magnetic ﬁeld irreversibil-
ity N2 but has no effect on the heat transfer irreversibility N1,0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 10.01
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Figure 26 Bejan number Be for different S when Gr ¼ 5,
M2 ¼ 2, Bi0 ¼ 0:1, Bi1 ¼ 0:1 and BrX1 ¼ 1.
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Figure 27 Bejan number Be for different n when M2 ¼ 2,
Gr ¼ 5, S ¼ 1, Bi0 ¼ 0:1, Bi1 ¼ 0:1 and BrX1 ¼ 1.
336 S. Das et al.increases the values of U leading to lower Bejan number. The
group parameter is an important dimensionless number for
irreversibility analysis. It measures the relative importance of
viscous effects to that of temperature gradient entropy genera-
tion. The graphs of the Bejan number are useful to obtain an
idea on whether heat transfer irreversibility dominates ﬂuid
friction irreversibility or vice versa. Fig. 26 shows that the
Bejan number Be increases near the moving wall of the channel
and it decreases in the vicinity of the right wall of the channel
for increasing values of magnetic parameter M2 for both cases
of Newtonian nanoﬂuid (n ¼ 1) and pseudo-plastic nanoﬂuid
(n ¼ 0:81). Fig. 27 shows that the Bejan number Be decreases
near the moving wall of the channel and it increases in the
vicinity of the right wall of the channel for increasing values
of n for both cases of regular ﬂuid(/ ¼ 0) and nanoﬂuid
(/ ¼ 0:1).
6. Conclusion
Entropy generation analysis in a magnetohydrodynamic ﬂow
of a viscous incompressible electrically conducting pseudo-
plastic nanoﬂuid through a vertical porous channel with con-
vectively heating in the presence of a transverse magnetic ﬁeld
has been carried out. The velocity and temperature proﬁles are
obtained numerically and used to compute the entropy gener-
ation number. The effects of the pertinent parameters on
velocity and temperature proﬁles are presented graphically.
The inﬂuences of the same parameters and the group parame-
ter on the entropy generation rate and Bejan number are also
discussed. From the results the following conclusions could be
drawn:
 The magnetic ﬁeld retards the ﬂuid velocity while it causes
to increase the ﬂuid temperature.
 The ﬂuid temperature increases for increasing values of
either Eckert number or thermal conductivity parameter.
 The ﬂuid temperature increases for increasing values of Biot
numbers.
 Increasing power-law index is to reduce entropy generation
rate.
 The channel walls act as strong source of entropy and heat
transfer irreversibility. Pseudo-plastic nanoliquid constitutive law modeling by
incorporating import physical effect.
 Pseudo-plastic nanoﬂuids offer less entropy generation than
Newtonian nanoﬂuids.
 The optimum design and efﬁcient performance of a thermal
system can be improved by choosing the appropriate values
of the physical parameters. This will be enabled to reduce
the effects of entropy generated within the system.
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